
Ergodic Theory and Measured Group Theory
Lecture 26

Before continuing cost calculations
,

let's discuss measure equivalence of

groups ,
chick is he measured group theory the sane as Kasi-

isometry is to genetic group theory , and this stray analogy
makes these hue subject, siblings , with two-way applications
in each

. Here is the motivating statement:

Prop Kronor) . Ctbl groups T and A are quasi - isometric <⇒

they admit a topological coupling ,
i. e. they admit

continuous actions TMX AA on a locally compact

space ✗ sit
,

4) the action of T at a commute

ii) these aliens are cocoonpact , i. e. admit a compact
transversal Y s.t.LT - Y = ✗ = Ll d. Y ,

Yet itI
in particular , the action is free

,

and proper ltconpact K, # TET s.t.TK Ikea
is finite

, sane
for A) .

Def
. Pnp aliens MIX

,
a) d A- (Yp) are called stably



orbit eyivaleut if Ei /
×
,

is measure isomorphic to Ealy , ,
where X '

, Y
'
are Buel complete sections for Epd Ea

,

respectively . ( A complete section for a CBER E is a set

that meets every E- clan . ) Y
'
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This is analogous to quasi - isometry at the statenut

makes this more convincing. T
ya are stably orbit equivalent

¥

Prop kronor, Furman) . Ctbl groups
T
, A admit stably orbit equivalent

free pep actions <⇒ they admit a measure coupling ,
iii. measure- preserving actions P MIX

,
% on

a o - finite standard measure space (XP) sit
.

C) the actions www.ube

Iii) they are free at admit measurabletransversalof finite measure.



Def . Ctbl groups
I
' d A are called measure equivalent

,

denoted ME
,
if they admit a measure coupling .

Thus
,
T ME a <⇒ Ya are stably orbit equivalent.

Def
.

For a ctbl gp P
,
define cost (f) := int cost / Ep)

,
here Er

Er

ranges over
the orbit g. rel . of all free pup actions of ?

Here is R
. Tucker-Dob's table of our current knowledge about ME- danes:

ME - class cost description Group - theoretic description

e.

We proved I column <=> it' column .
Class of he} Treeable

,
lost It)4 Finite groups proof of I. <⇒ I is an exercise .

Clan of IF, :=2 Trumble , cost (f)=/ Infinite amenable groups e
we sketched the proof of IHI.
I<⇒ I is the Ornstein - Weiss thin

.

Class of 11=2 Tramble, lost Hiko ? ? ? e

Open problems
clan of Far Tneeabkicostlt)" ? ? ? e

Back to cost computations .

We saw tht if a pup CBER is finite
,
then its coast

is = l - M transversal) < 1
. What about the aperiodic CBERS

,

i. e. those with only a lames !

Prop . If a pup
(BER E is aperiodic there nowhere smooth)

,



then its cost is 71
.

Proof
.

let 4 be any graphing of E I let M be a complete
section of < { measure thick exists b

,
the marker leaned

.

F-dm We build an acyclic subgraph HEG
with a Boel directing H→ as follows:

it ¥¥.¥¥µ direct
every point in ✗IM towards

M through the lex - beast shortest path.
M • Indeed IT is a Boel directing of H, i.e.

if IX. g) c- tis then 4.x) ¢1T .
Then later / G) = lost,+lH) - § oatdeg, 1×1 dmx) =/1- dmx)
= 91×1 - MM) >- l - E .

XM

since { is arbitrary , Costata 71 .

Which ey.net. have cost 1 al chick achieve it?

Det . An ey.net . E on a st
.
Doel space X is called

hyperfinite if E is an increasing union of finite
Bowl ey.net . , i. e. E = V1 En , euh En finite Borel

.

Typical eagle is Ito
,
indeed E = Unt Eu , here for



qyc.TN
,

✗ En y :<⇒
thru ✗ In) __ glut .

Theorem ( Dougherty - Jackson -kechris) . Fer a CBER E,
TFAE:

(1) E is hyperlink .
(2) E is is induced by a Bond action d- Z

.

(3) E EB Ito . ( E.clan

Proof - sketch
.

(1) ⇒(2)
.

let < be a linear arkriy
E.

on ✗
.

let this be the

E
'

ordering of points in each
%

f④"f
to- day . Then we create

a directed line on
emh Ei - chess by adding edges bateau the little lines

created for each Eo - clan . Continuing this
way we

create a graphing consisting of directed bi-infinite lines
,

module, a smooth Doel set
.

(2) ⇒ (1) . Take a vanishing hyena et marker sets Mn)
.

look at one infinite E-dm : the En
- classes are

Ma • Do • e v * . as u e * go u g
the inter-

Mart
,



vats between two cause ,
uh've Mu points . Eun -domes

are the intervals between
. . . Mm ,

- points ,
(3)⇒4) . Hyperfiuihewm it closed dorward : just pull- back

the witness to hpvfiiaitehen .

d)⇒ (3)
.

If E-- V1 Eu , Eu finite
,

then V-qytX,
✗ Ey <⇒ V-2 lien - [y3Eu . Encoding the

finite domes lieu into binary sequence creates

the reduction to Eo
.

Theorem / Levitt) . let E be a
pimp hyperfine aperiodic CBER .

Then cost (E) =\
,
which is achieved by aus treeing

of E.

Proof
.
Bene E is induced by a 2- action

,
cost(E) e- 1

,

al since it 's aperiodic cost (E) 21
,
so cost (E) =L.

Now let T be an
, treeing of E I let E=¥En ,

there eah Eu is finite
.

It ✗EX
, degtkd-lindeyn.IN ,

h→&

Nee Tu Then
,
so lost IT)= tzfdegtix)dMH=

✗

(by the MCT) = tzbiugfdegncxldMH-timuestlt.tn )n→a

c- 1
,
hence nest A) =\ .



let's deduce tht there are wnhgperfinikeg.net .

Prop . let Elf
,

be the orb
. eg.net . of a

fine
pup actin

of IE
, e.g . Bernoulli shift 11=74%4 , EYE ) .

Then Eu; is where hyper finite .
Proof

. The Schreier graph of this action is a 4- regular
treeing , so its cost is 2

,
while we just saw

tht any freeing of
a hyper finite eg . rel. has

cost 4
.

the Borel reducibility hierarchy of CBE Rs :
11=2 induced by 11=2%+211--2
→ CBERS

¥.

21N
[

E-on every hyperfinite non smooth CBER
21N ④ =

IN - =

:

ti :


